To gain insight into the nature of biological synchronization at the microscopic scale, we here investigate the hydrodynamic synchronization between conically rotating objects termed nodal cilia. A mechanical model of three rotating cilia is proposed with consideration of variation in their shapes and geometrical arrangement. We conduct numerical estimations of both near-field and far-field hydrodynamic interactions, and apply a conventional averaging method for weakly coupled oscillators. In the non-identical case, the three cilia showed stable locked-phase differences around ±π/2. However, such phase locking also occurred with three identical cilia when allocated in a triangle except for the equilateral triangle. The effects of inhomogeneity in cilia shapes and geometrical arrangement on such asymmetric interaction is discussed to understand the role of biological variation in synchronization via hydrodynamic interactions.
I. INTRODUCTION
Synchronization phenomena are ubiquitously observed in nature from microscopic to macroscopic scales [1] . Examples of the latter case include the synchronization of animal circadian clocks with the sun [2] , fireflies simultaneously flashing [3] , and frogs calling in anti-phase [4] . In contrast to the above examples in which the elements interact without materials, synchronization in microscopic organisms involves physical interactions such as hydrodynamic interaction. For instance, the cooperative movement of cilia or flagella in fluids is essential for propelling the microorganisms themselves or facilitating the transport of biological particles [5, 6] . Although it is intuitively acceptable that such synchronization can be achieved more easily in oscillators with identical properties, hydrodynamic interaction induces phenomena that oppose this intuition. Indeed, several studies have shown the difficulty of synchronization between two identical cilia coupling through a fluid [7, 8] , whereas non-identical cilia (e.g., cilia with different lengths and/or moving along different orbits) can synchronize more easily [9] . Here, we address the effect of such inhomogeneity on the establishment of synchronization, considering not only the inhomogeneity of the properties of the oscillators themselves but also the asymmetric geometrical arrangement of the oscillators using a three-cilium system. Cilia or flagella attached to the cell surface exhibit two types of movements in fluids: beating and rotating. The beating motion consists of an effective stroke and a recovery stroke, in which the cilia move almost in a plane perpendicular to the cell surface, as shown in Fig. 1 (a) [10] . In contrast, the rotating motion is conical, as shown in Fig. 1(b) . However, the majority of theoretical studies * kokumura@aoni.waseda.jp on cilia movement have focused on the beating movement with only a few studies focusing on rotating movement. Nevertheless, this rotating motion of cilia is biologically important during organ development, specifically for determining the animal body plan, which has been widely demonstrated in different species, including mice [11, 12] , rabbits [13] , rice fish [13] , and frogs [14] .
The mouse embryo is the most extensively investigated system for understanding rotating cilia, in which a caved domain, known as a node, is filled with liquid [11] . The node consists of a few hundreds of cells, each of which has a cilium conically rotating clockwise when viewed from the top ( Fig. 1(b) ). The rotational axis tilts toward the posterior, resulting in the generation of leftward fluid flow, which has proven to be essential for establishment of left-right (LR) asymmetry at an early developmental stage [12] . The driving torque was reported to be asymmetric during the rotational period, generating effectiveand recovery-like strokes [15] . Moreover, Shinohara et al. revealed that only a few cilia are sufficient to trigger this LR determination in the mouse embryo [16] . In their experimental setup, the positions of rotating cilia were randomly distributed for both wild type and mutant embryos, including a nearest-neighbor distance near collision. They also measured a certain degree of variation in the cilia lengths. Takamatsu et al. experimentally observed cooperative rotational movement in isolated pairs of cilia in a mutant mouse [9] . In their study, most of the observed phase lags were detected at a certain phase, when the difference between the natural frequencies of the two cilia tended to be small. When the differences were large, phase shifts were observed.
Experimental discoveries in the mouse embryo [12] motivated further theoretical explanations on the flow produced by rotating cilia. Since the cilia and flagella are sufficiently small and the viscosity around them is sufficiently high, they can be modeled under a low Reynolds number regime. In applying the resistive force theory and the slender body theory, Smith et al. revealed the optimal tilt configuration for generating maximum flow [17, 18] . They estimated the pathline of virtual particles, representing biological signals, under a few or large arrays of identical cilia with the assumption of in-phase and out-of-phase synchronization.
Other theoretical studies addressed the system by approximating the portions of the cilia with far-field interactions via fluid as simple rigid spheres termed Stokeslets [7, 8, [19] [20] [21] [22] . These studies showed that identical Stokeslets cannot phase-synchronize under a constant driving force in any trajectory [7, 8] . However, synchronization could be achieved by introducing harmonic springs in a radius of a circular trajectory [20] , a non-identical orbit between two oscillators [22] , or a time-varying driving force [8, 19, 22] . Golestanian et al. pointed out that "if the system is symmetric under the exchange of the two oscillators, then it cannot synchronize [5] ." Conversely, asymmetry in the system could be a key factor required for achieving synchronization. Indeed, experimental systems have revealed the possibility that cilia are inhomogeneous in their shapes [16] , and an asymmetrical rotational stroke has been reported [15] . Since the geometrical arrangement of node cells in tissues is rather irregular in the mouse [23] relative to that of, for example, the Drosophila eye structure [24] , asymmetry in the geometrical configuration itself should be considered in a theoretical framework using a system consisting of more than two oscillators.
These inescapable facts raise the fundamental question as to whether such biological variation contributes to or disrupts hydrodynamic synchronization. To address this question, we investigated the cases of two and three rotating cilia interacting through a fluid, taking both the geometrical arrangement and length of the cilia into account. We conducted a numerical estimation of the hydrodynamic interaction to explore the role of asymmetry for synchronization of the whole system, considering not only far-field but also near-field interactions [25] , followed by adoption of the conventional averaging method for weakly coupled oscillators [26] . 
II. MODEL
To consider the shape effect of cilia on hydrodynamic synchronization, Takamatsu et al. proposed a mechanical model of two rotating cilia and derived the averaged phase equation [9, 15] . The present study follows this modeling method for three rotating cilia.
A. Mechanical model of rotating cilia
To describe the rotating motion of cilium i, let us introduce a rigid cylinder characterized by its length l i and diameter r i , where i = 1, 2, 3 (Figs. 1(b) and 2). The typical unit length is set to l 0 , which represents a mean cilium length around 2-3 µm. The surface of the node cells is treated as a flat wall. Let us suppose that the cylinder rotates on a prescribed orbit of a cone surface, whose center axis tilts to a direction η i with a tilt angle α i and an open angle β i , as shown in Fig. 2 . The right-handed Cartesian coordinate system is used so that the positive x-axis corresponds to the right side of an embryo. The root position of cilium i is denoted as (x i , y i , r i /2) [27]. It is assumed that each cilium is driven by a torque.
Let θ i be the phase of rotating cilium i defined by the clockwise angle on the conical base, measured from the positive y-axis direction. We denote the phase vector and the driving torque vector as Θ = (θ 1 , θ 2 , θ 3 )
T and T = (
T , respectively. In the Stokes flow regime, the driving torque acting on cilium i balances the sum of the viscous drag torque generated by cilium i itself and the other cilia as
Here,
is a resistance matrix, representing the hydrodynamic interaction. Its component of the drag coefficient K ij from cilium j to i is numerically calculated using the boundary element method (BEM) described below. The drag coefficient K ij is derived by the flow field generated by the motions of cilia. The velocity of the fluid v at position r can be calculated by superpositioning the velocities generated by every cilium as follows [28] :
where q is a traction force exerted at position r ′ , and A i is the surface of cilium i. The function G is the halfspace Green's function, known as the Blake tensor [29] , which satisfies the no-slip boundary condition at the flat wall. Hereafter, no background flow is considered. The surface of the cilia is also under the no-slip boundary condition. The velocities of certain positions of the cilium equal those of the surrounding fluid. Using this relation and Eq. (3), the distribution of traction force q exerted on the cilium surface can be estimated.
To estimate q, we adopt the BEM for the numerical evaluation of Eq. (3) [9, 15, 25] . For instance, let us suppose that cilium 1 rotates while cilia 2 and 3 are fixed at certain phases so that:Θ = (1, 0, 0)
T . From Eq. (1), we have
The surface of each cilium is discretized into 574 triangular elements. The estimation of integration in Eq. (3) is conducted on each triangular element using the 4-point Gaussian polynomials. The singularity in the integration is fixed numerically [30] . As a consequence, the closed linear algebraic equation is obtained, which can be numerically solved by applying the LU decomposition to obtain the traction force q. The drag coefficient K ij is calculated using the following definition of the drag torque:
where e is the unit vector along the rotational axis of the cone. Although the BEM is computationally costly, it allows for precisely estimating the near-field interactions between rotating cilia via fluid, whereas the Stokeslet model can only consider far-field interactions.
To describe the hydrodynamic interaction function explicitly, the resistance matrix is divided into the following forms:
where J i represents the drag coefficient for an isolated single cilium, K ′ ij represents that for the interaction, and ǫ > 0 is the interaction strength. Note that K ′ ij is a function of not only the phase variables θ i and θ j but also the third variable θ k . If there is less interaction due to sufficient spacing ǫ ≈ 0, the system recovers to the isolated single-cilium system, i.e., K ii ≈ J i , which takes a maximum value near the basal wall. Since the strength of a hydrodynamic interaction decays according to 1/(distance)
3 [29] , K ′ ij is expected to be considerably small. Indeed, the order of K ′ ij is 100-times smaller than that of J i in the BEM. Thus, the determinant for the resistance matrix is expected to take on a non-zero value |K| = 0, so thatΘ = K −1 T . Hence, the time evolution for θ i in the three-cilium model is written as follows:
where
T k , and the indices are chosen from {1, 2, 3} without overlapping. For simplicity, the driving torque is assumed to be constant.
B. Averaged phase equation
In this subsection, we analyze the phase synchronization using the system of Eq. (5). In fact, the angular velocity of rotating cilia is not constant over the time evolution of Eq. (5). Even when a single cilium is isolated from others and its driving torque is constant, the cilium moves faster when it is farther from the cell surface owing to the viscous drag torque. This can result in the time-varying phase difference between the rotating cilia during a period of a single cycle. To apply the conventional phase-averaging method, let us introduce a new definition of phase ψ i instead of θ i for the case of an isolated cilium. Without any interactions ǫ = 0, the phase evolution is written asθ i = T i /J i (θ i ). We define the new phase variable ψ i so that its angular velocity takes on a constant value of natural frequency ω i asψ i := ω i . The transformation of the phase variable from θ i to ψ i is expressed as
Let Ψ = (ψ 1 , ψ 2 , ψ 3 ) T be the transformed phase vector. We can now describe the dynamics of hydrodynamically interacting rotating cilia based on the new phase. The new drag coefficients corresponding to the phase transformation are denoted asĴ andK ′ . With interaction ǫ = 0, because J ≫ K ′ ii , K ′ ij and the squared and higher terms are negligible,
By applying the phase transformation (Eq. (6)) to the time evolution of θ i (Eq. (5)), and using Eq. (7), we obtainψ
Note that this approximation is used only in the analytical framework for synchronization, and is not applied in the numerical calculations presented in Section III.
Let us now consider the phase synchronization of rotating cilia with respect to the transformed phase variable. Introducing a phase difference as Φ ij := ψ j − ψ i , we obtainΦ
where ∆ ij := ω j −ω i is the difference between the natural frequencies. It is expected that the time evolution of the phase difference Φ ij is much slower than that of each phase variable ψ i . Thus, by averaging over a period of ω i with respect to ψ i [26] , the following phase equation can be derived:
Here, Φ = (Φ 12 , Φ 23 ) T . We here investigate the twodimensional dynamical behavior of the phase difference Φ to study the relationships between phase synchronization and the geometrical arrangement or length in the threecilium model.
III. RESULTS
The drag coefficients and the time evolution numerically calculated using the mechanical model described in Section II A are presented in Section III A. Subsequently, based on the analytical treatment described in Section II B, the effect of the geometrical arrangement or length of cilia on phase locking is presented in Section III B.
A. Numerical calculation of the mechanical model
To compare the mechanical model of three rotating cilia with that of two rotating cilia, the drag coefficients J and K ′ estimated using Eqs. (3) and (4) for both models are presented in Figs. 3 and 4 , respectively. To analyze the effect of inhomogeneity in cilia shapes, we placed all cilia on the x-axis, where the left-most cilium 1 is longer than the others (Figs. 3(a) and 4(a) ). The parameter values of α i and β i are set as typical values according to experimental observation [31] . The drag coefficient of isolated cilium J 1 is larger than that of J 2,3 because of the difference in their lengths (Figs. 3(b) and 4(b) ). Therefore, the driving torques were set so that all natural frequencies were equal. Consequently, T 1 is larger than T 2,3 . It is obvious that the value of J i is 100-times larger than that of K ′ ij , resulting in a weakly coupled system (Figs. 3(c)-(f) and 4(c)-(k) ). In the two-cilium system, the value of K the existence of the other cilium (Figs. 3(c) and 3(f) ). (Figs. 3(d) and 3(e) ). These features also hold in the three-cilium system except that the amplitude of function K ′ ij depends on the distance. Note that even though K ′ 13 and K ′ 31 consider the existence of cilium 2, the effect is minor (Figs. 4(e) and 4(i)). Figure 5 shows the time evolution of each phase θ i and the phase difference φ ij := θ j − θ i in the two-and threecilium models based on Eq. (5). As shown in Fig. 5(a) , the shorter cilium (θ 2 ) rotates in advance of the longer cilium (θ 1 ) around π/2 in the two-cilium system. In the three-cilium system, the phase differences also tend to be around π/2 (Figs. 5(b) and 5(c)). These results were independent of the initial phase values. In both the twoand three-cilium model, the convergence time for phase locking from a random initial phase was typically within a few tens of a beating cycle, corresponding to a few seconds in an experiment.
B. Effect of the geometrical arrangement of cilia on phase locking analyzed by the averaging method Figure 6 represents the phase portrait of the two-cilium system using the averaged phase equation (Eq. (8)), suggesting that the phase-locked state occurs around π/2. This state can be achieved if the natural frequency difference ∆ ij satisfies the following condition:
Therefore, the maximum and minimum values of Γ * ij can be indices for the range realizing the phase-locked state with respect to ∆ ij . We also evaluated the eigenvalue λ at the fixed points, which corresponds to the slope in this case. At the stable fixed point, the absolute inverse value of λ relates to the convergence time for phase locking. The value of λ was estimated as -1.68 s −1 , suggesting that the phase-locked state can be achieved within a few tens of the rotating cycle period.
To comprehend the effects of inhomogeneity in cilia shapes and geometrical arrangement on phase locking in the two-cilium model, we conducted a systematic investigation as shown in Fig. 7 . Even in the system consisting of two identical cilia, the geometrical arrangement clearly contributed to phase locking, except for the arrangement on the LR-axis and the AP -axis (Fig. 7(a) ). When the length of cilium 1 was set to l 1 = 1.5l 0 (nonidentical case), the locked-phase differences changed to certain values distinguished from the in-phase or antiphase ( Fig. 7(b) ). As shown in Figs. 7(c) -(e), even a slight change in length (less than 5%) results in phaselocked states at around ±π/2 with decreasing Re(λ) and an increasing range of Γ * 12 . This finding was independent of the geometrical arrangement. Overall, these results indicate that phase locking is easily induced by the difference in cilia lengths, compared with the geometrical arrangement in the two-cilium system. Figure 8 shows the result of phase plane analysis in the three-cilium system. Figures 8(a) and 8(b) denote the phase portraits of Φ 12 and Φ 23 , which provide information on their time evolution. By combining these two portraits, the vector field in phase space (Φ 12 , Φ 23 ) and fixed points are obtained (Fig. 8(c) ). Here, only the complete phase-locked state, in which all cilia are phaselocked, is considered. Then, conducting linear stability analysis, we found that the stable fixed point is around (Φ 12 , Φ 23 ) = (π/2, π/2), which is consistent with the result of the numerical simulation for the phase difference φ i calculated using the original phase equation (Eq. (5)), as presented in Fig. 5(c) . The largest real part of the eigenvalues at the stable fixed point is evaluated as -0.84 s −1 . As seen in Figs. 6 and 8(c) , the range ofΦ 12 in the three-cilium system is wider than that in the twocilium system. This means that phase locking can be encouraged even if the differences between the natural frequencies of the former system are relatively large.
Finally, the effect of geometrical arrangement in the three-cilium system was investigated. Two of the cilia, 1 and 2, were placed at positions on the LR-axis (x-axis), where cilium 2 was located at the center of a circle represented by a broken line in Fig. 9(a) . The third cilium, 3, was placed at a position on the circle, whose coordinate was defined as (x 3 , y 3 ) = (2l 0 cos θ rot + 2l 0 , 2l 0 sin θ rot ) using the parameter θ rot . The domain of θ rot is restricted from a collision. Figure 9 (b)-(g) shows the effect of the geometrical arrangement on phase locking, represented using the following characteristic values: Re(λ), max Γ * ij , min Γ * ij , and the locked-phase difference Φ s ij . When the identical cilia are allocated at symmetric positions forming a line (θ rot = 0) or an equilateral triangle (θ rot = ±π/3), phase locking cannot occur (Fig. 9(b) ). Precisely, in these situations, Re(λ) are infinitesimally zero O(10 −8 ) [32] , suggesting that the fixed point is a center. The time evolution of the original phase θ i corresponding to these cases did not show phase locking. By contrast, when the identical cilia are placed at the vertices of isosceles-triangles, phase locking is achieved. In addition, when the third cilium comes close to the position of cilium 1, Re(λ) goes to negative infinity, suggesting fast phase locking owing to the effect of the near-field interaction. Note that in some isosceles triangles (θ rot = ±11π/18, ±13π/18, ±14π/18), all combinations of the partial two-cilium system did not exhibit phase locking, as shown in Fig. 7(a) . It should also be noted that the phase-locked states appear around ±π/2 in the phase difference, as seen in Fig. 9(d) . When the third cilium is not identical to the others (e.g., it has a longer length), phase locking is realized, similar to the two-cilium system [9] , except for the equilateral-triangular arrangement (Fig. 9(e) ). Compared with the case of identical cilia, Fig. 4 except for l1 = l0 and T1 = 0.0494 in the identical situation, and l1 = l0, T1 = 0.0494, l3 = 1.5l0, and T3 = 0.140 in the non-identical situation. In both cases, the position of cilium 3 was (x3, y3) = (2l0 cos θrot + 2l0, 2l0 sin θrot).
the phase locking is easily established as confirmed with the values of Re(λ), which typically decreased from -0.02 ( Fig. 9(b) ) to -0.6 ( Fig. 9(e) ), and the range of Γ * ij , which typically doubled, as shown in Fig. 9 (f) compared with Fig. 9(c) . The locked-phase differences were detected at around −π/2 (Fig. 9(g) ).
IV. DISCUSSION
We proposed a mechanical model of three rotating cilia to investigate the effects of geometrical arrangement and inhomogeneity in cilia shapes, which was inspired by experimentally observed biological variation. We found that inhomogeneity in cilia shapes causes phase locking in the three-cilium system (Figs. 5 and 8 ) as well as in the two-cilium system [9] . Interestingly, even the system consisting of three 'identical cilia' is able to be phaselocked when the cilia are placed at the vertices of a triangle except for the equilateral triangle (Fig. 10) . In this section, we discuss the scenario of phase locking, focusing on asymmetry in interactions: inhomogeneity in cilia shapes and asymmetry in geometrical arrangement.
First, we consider the inhomogeneity in cilia shapes in the two-cilium system. We modify Eq. (5) into that of the two-cilium model. Then, the evolution of phase difference can be written as follows [33] :
where the approximations |K| ≈ J 1 J 2 (see also Eq. (7)) and K ′ ii ≈ 0 are used. To realize the phase-locked state, the rotating speed is assumed to satisfy ∆ 12 = ω 2 − ω 1 = 0, for simplicity. When the length of cilium i is longer, J i becomes larger (Fig. 3) . To compensate for this larger drag torque, the driving torques need to be T i > T j . In contrast, as shown in Figs. 3(d) and 3 (10) becomes nonzero. By averaging this term along the line denoted by θ 2 = θ 1 + φ 12 (represented with the diagonal lines in Figs. 3(d) and 3(e) ) over the period of θ 1 , the cosinetype function, similar to that of Fig. 6 , is obtained. Here, φ 12 is an arbitrary phase difference. When this cosinetype function gets across zero, the phase-locked state is achieved. In the case of two identical cilia (e.g., placed on the LR-axis), the drag coefficient K ′ ij is symmetric such as
. Therefore, the sum of K ′ ij T j for a single rotating cycle is the same for both cilia 1 and 2, resulting in no phase locking [5] .
Second, we discuss the effect of asymmetry in the geometrical arrangement for the three-cilium system. Similar to the case of the two-cilium system, by using Eq. (5), the time evolution of phase differences is described aṡ
Let us suppose that these cilia shapes are identical. Thus, T 1 = T 2 = T 3 is assumed to realize the same natural frequencies. The second terms in the right side of Eqs. (11) and (12), which correspond to the interactions between cilia 1 and 2 and between cilia 2 and 3, nearly equal zero as in the two-cilium system. When the three cilia are allocated at the vertices of an equilateral triangle ( Fig. 10(a) ), the drag coefficient K ′ ij is symmetric such as
, where
Therefore, they cannot be phase-locked. By contrast, in the isosceles-triangular arrangement ( Fig. 10(b) ), this symmetry is broken, owing to the different distances between cilia 1 and 2 and between cilia 2 and 3. This results in phase locking even if all cilia are identical. Taken together, these findings indicate that asymmetry in the interaction caused by inhomogeneity in cilia shapes and/or geometrical arrangement induces phase locking. Here, we focused on the scenario of specific parameter choice with the constraint of the same natural frequencies in the three rotating cilia, so as to best reveal the effects of inhomogeneity in cilia shapes and geometrical arrangement on phase locking. Although we also investigated some other parameter values to ensure the generality of our findings, it would not be practical to investigate various values of α i , β i , and η i in precise, owing to the high computational cost of estimating the hydrodynamic interaction. However, we expect that our results would hold under ω i = (const.), since the phaselocked properties in the three-cilium system are partly analogous to those in the two-cilium system, as shown in Figs. 6 and 8 . In the two-cilium model, although the difference in l i greatly affected the occurrence of phase locking, the qualitative aspects were almost identical for the differences in α i and β i [9] . In addition, the phaselocked states depended on different values of η i . We also investigated some non-zero values of ∆ ij , which satisfied Eq. (9) . At the stable fixed points in the two-cilium model, a non-zero ∆ ij value increased Re(λ) and shifted the locked-phase difference Φ s ij . The same effect was observed in the three-cilium system. Interestingly, by contrast, with an equilateral-triangular arrangement of the three identical cilia, non-zero ∆ ij led to phase locking. Thus, the differences in α i , β i , η i , and ω i in the three cilia would also be expected as a source of inhomogeneity, which could stabilize the phase locking.
Next we compare our model with the Stokeslet model. In our study, shapes of cilia were explicitly introduced with the near-field interaction. Figure 7 (a) is similar to the result reported by Vilfan and Jülicher [19] , who investigated hydrodynamic phase synchronization in the two-Stokeslet model, neglecting the near-field interaction. Our model showed that in the case of identical cilia, Re(λ) and the range of Γ * 12 were extremely small, as exemplified in Figs. 7(c) and 7(d) when l 1 /l 0 = 1. Therefore, experimental observation of hydrodynamic phase synchronization might be difficult for two identical cilia. By contrast, it was revealed that inhomogeneity in cilia shapes led to more ready phase locking.
Orbit flexibility is another factor required to establish hydrodynamic phase synchronization in rotating cilia. This issue has long been discussed in many studies. If the degree of symmetry in a hydrodynamic interaction is high, phase synchronization is impossible [7] . Introducing flexibility as a degree of freedom results in irreversible dynamical behavior, showing complete in-phase synchronization [10, 20] . Although no flexibility was considered in our three-cilium model, introducing flexibility to the two-cilium model was shown to cause a shift of the phase-locked state [9] . Since the observed locked-phase difference was neither in-phase nor anti-phase in the experiment, the tangential component of the hydrodynamic interaction would govern the system of the nodal cilia in the mouse embryo rather than the radial component as flexibility.
The physiological effects of phase locking in the nodal cilia on the LR determination have not been elucidated to date. Shinohara et. al. showed that to trigger the leftright asymmetric gene expression, as few as only two cilia are required at the very early developmental stage [16] . In the two-cilium model, Takamatsu et al. reported that phase locking increased the maximum phase speed of the shorter cilium [9] . The same effect was observed in the three-cilium model. Another effect of phase locking is to contribute to the sustainment of directional flow. In the mouse node, it is considered that immotile cilia located in the boundary of the ventral node cavity functions to sense the mechanical stimuli by the flow. Therefore, it might be important to receive a sustained hydrodynamic influence caused by the phase lagged effective strokes of rotating cilia.
To conclude, we have shown that a high degree of symmetry in cilia configuration could prevent hydrodynamically induced phase locking in nodal cilia. In an actual biological environment, a certain range of variation in the configuration would be crucial to cause hydrodynamic phase locking.
